INTRODUCTION
============

Ultralight bosonic dark matter
------------------------------

The nature of dark matter, the invisible substance that makes up over 80% of the matter in the universe ([@R1]), is one of the most intriguing mysteries of modern physics ([@R2]). Elucidating the nature of dark matter will profoundly affect our understanding of cosmology, astrophysics, and particle physics, providing insights into the evolution of the universe and potentially uncovering new physical laws and fundamental forces beyond the standard model. While the observational evidence for dark matter is derived from its gravitational effects at the galactic scale and larger, the key to solving the mystery of its nature lies in directly measuring nongravitational interactions of dark matter with Standard-Model particles and fields.

To date, experimental efforts to directly detect dark matter have largely focused on weakly interacting massive particles (WIMPs), with masses between 10 and 1000 GeV ([@R3], [@R4]). Despite considerable efforts, there have been no conclusive signs of WIMP interactions with ordinary matter. The absence of evidence for WIMPs has reinvigorated efforts to search for ultralight bosonic fields, another class of theoretically well-motivated dark matter candidates ([@R5]), composed of bosons with masses smaller than a few electron volts. A wide variety of theories predict new spin-0 bosons such as axions and axion-like particles (ALPs) as well as spin-1 bosons such as dark photons ([@R1], [@R6]). Their existence may help to answer other open questions in particle physics such as why the strong force respects the combined charge-conjugation and parity-inversion (CP) symmetry to such a high degree ([@R7]), the relative weakness of the gravitational interaction ([@R8]), and how to unify the theories of quantum mechanics and general relativity ([@R9]).

Bosonic fields can be detected through their interactions with Standard-Model particles. Most experiments searching for bosonic fields seek to detect photons created by the conversion of these bosons in strong electromagnetic fields via the Primakoff effect ([@R10]--[@R16]). Another method to search for dark-matter bosonic fields was recently proposed: dark-matter--driven spin precession ([@R17]--[@R19]), detected via nuclear magnetic resonance (NMR) techniques ([@R18]--[@R22]). These concepts were recently applied to data measuring the permanent electric dipole moment (EDM) of the neutron and successfully constrained ALP dark matter with masses ≲ 10^−17^ eV ([@R22]).

The Cosmic Axion Spin Precession Experiment (CASPEr) is a multifaceted research program using NMR techniques to search for dark-matter--driven spin precession ([@R18]). Efforts within this program using zero- to ultralow-field (ZULF) NMR spectroscopy ([@R23]) are collectively referred to as CASPEr-ZULF. We report here experimental results from a CASPEr-ZULF search for ultralight bosonic dark-matter fields, probing bosons with masses ranging from 1.8 × 10^−16^ to 7.8 × 10^−14^ eV (corresponding to Compton frequencies ranging from ∼45 mHz to 19 Hz).

In the following section, we explain how dark-matter bosonic fields, in particular axion, ALP, and dark-photon fields, can be detected by examining ZULF NMR spectra. The subsequent sections describe the measurement scheme and the data processing techniques used during this search. Last, we present new laboratory results for bosonic dark matter, complementing astrophysical constraints obtained from supernova 1987A \[we note that the constraints based on SN1987A data continue to be reexamined; see, e.g., ([@R24], [@R25])\] ([@R26]).

RESULTS
=======

Dark-matter field properties
----------------------------

If dark matter predominantly consists of particles with masses *m*~DM~*c*^2^ ≲ 10 eV, making up the totality of the average local dark-matter density, then they must be bosons with a large mode occupation number. It would be impossible for fermions with such low masses to account for the observed galactic dark matter density because the Pauli exclusion principle prevents them from having the required mode occupation.

In this scenario, axion and ALP bosonic dark matter is well described by a classical field *a(t)*, oscillating at the Compton frequency (ω~DM~ ≈ *m*~DM~*c*^2^/ℏ) ([@R27]--[@R29])$$a(t) \approx a_{0}\text{cos}~(\omega_{\text{DM}}t)~$$where *c* is the velocity of light, ℏ is the reduced Planck constant, and *a*~0~ is the amplitude of the bosonic field.

The temporal coherence of the bosonic field is limited by the relative motion of the Earth through random spatial fluctuations of the field. The characteristic coherence time τ~DM~, during which the bosonic dark matter field remains phase coherent, corresponds to ∼10^6^ periods of oscillation of the field ([@R18]).

The amplitude *a*~0~ can be estimated by assuming that the field energy density constitutes the totality of the average local dark matter energy density (ρ~DM~ ≈ 0.4 GeV/cm^3^) ([@R30]). Then, *a*~0~ is related to the dark matter density through$$\rho_{\text{DM}} = \frac{1}{2}\frac{c^{2}}{\hslash^{2}}{m_{\text{DM}}}^{2}a_{0}^{2}$$We note that *a*~0~ is expected to fluctuate and behave stochastically due to self-interference of the field ([@R31]); however, for simplicity, we assume *a*~0~ to be constant.

Dark-matter couplings to nuclear spins
--------------------------------------

CASPEr-Wind is sensitive to any field such that its interaction with nuclear spins can be written in the form$$H_{\text{DM}} = - \hslash g_{N}\mathbf{I}_{N} \cdot \mathbf{D}$$where *g*~N~ is a coupling constant that parametrizes the coupling of the effective field, **D**, to nuclear spins represented by the operator **I**~N~. In analogy with the Zeeman interaction, *H*~Zeeman~ = − ℏγ~N~**I**~N~ · **B**, such an effective field **D** may be thought of as a pseudo-magnetic field interacting with nuclear spins, where the nuclear gyromagnetic ratio, γ~N~, is replaced by the coupling constant, *g*~N~.

For clarity, we focus this discussion on the so-called axion wind interaction with effective field **D**~wind~ = − ∇ *a*(*r*, *t*) and coupling constant *g*~aNN~. A number of other possible couplings between nuclear spins and bosonic dark matter fields take a form similar to [Eq. 3](#E3){ref-type="disp-formula"}. These include couplings to the "dark" electric (with coupling constant *g*~dEDM~ and effective field **D**~dEDM~) and magnetic (with coupling constant *g*~dMDM~ and effective field **D**~dMDM~) fields mediated by spin-1 bosons such as dark photons ([@R5], [@R32]) or a quadratic "wind" coupling to an ALP field (with coupling constant *g*~quad~ and effective field **D**~quad~) ([@R33]). These are discussed further in Materials and Methods.

As the Earth orbits around the Sun (itself moving toward the Cygnus constellation at velocity, **v**, comparable to the local galactic virial velocity ∼10^−3^*c*), it moves through the galactic dark matter halo and an interaction between axions and ALPs with a given nucleon, *N*, can arise. Assuming that ALPs make up all of the dark matter energy density, ρ~DM~, the axion dark matter halo to be static with respect to the center of the galaxy \[a further Monte Carlo--based analysis was performed by assuming a virialized ALP dark matter halo for which the bosonic field has a nonzero velocity and a stochastic amplitude due to self-interferences of the field ([@R31])\] (see section S12), and that the dominant interaction with nucleon spins is linear in ∇*a*(**r**, *t*), [Eqs. 1](#E1){ref-type="disp-formula"} and [2](#E2){ref-type="disp-formula"} can be used to write the effective field as$$\mathbf{D}_{\text{wind}}(t) = - \sqrt{2\hslash c\rho_{\text{DM}}}\text{sin}~(\omega_{\text{DM}}t)\mathbf{v}$$

Then, given the local galactic virial velocity, **v**, only two free parameters remain in the Hamiltonian in [Eq. 3](#E3){ref-type="disp-formula"}: the coupling constant, *g*~aNN~, and the field's oscillation frequency, ω~DM~, fixed by the boson mass. A CASPEr search consists of probing this parameter space over a bosonic mass range defined by the bandwidth of the experiment. To calibrate the experiment, we apply known magnetic fields and the experiment's sensitivity to magnetic fields directly translates to sensitivity to the coupling constant. If no ALP field is detected, upper bounds on the coupling constant can be determined on the basis of the overall sensitivity of the experiment.

Dark matter signatures in ZULF NMR
----------------------------------

The results presented in this work were obtained by applying techniques of ZULF NMR \[see the "Experimental parameters" section in Materials and Methods; a review of ZULF NMR can be found in ([@R23])\]. The sample---^13^C-formic acid, effectively a two-spin ^1^H--^13^C system---is pre-polarized in a 1.8-T permanent magnet and pneumatically shuttled to a magnetically shielded environment for magnetization evolution and detection.

The spin Hamiltonian describing the system is$$H = \hslash J_{\text{CH}}\mathbf{I} \cdot \mathbf{S} - \hslash(\gamma_{H}\mathbf{I} + \gamma_{C}\mathbf{S}) \cdot \mathbf{B} + \hslash\left( g_{\text{app}}\mathbf{I} - \frac{1}{3}g_{\text{ann}}\mathbf{S} \right) \cdot \mathbf{D}_{\text{wind}}(t)$$where the electron-mediated spin-spin coupling *J*~CH~/2π ≈ 221 Hz for formic acid and **I** and **S** are the nuclear-spin operators for ^1^H and ^13^C, respectively. In addition, γ~H~ and γ~C~ are the gyromagnetic ratios of the ^1^H and ^13^C spins, **B** is an applied magnetic field, *g*~app~ is the ALP-proton coupling strength, and *g*~ann~ is the ALP-neutron coupling strength. We assume *g*~app~ = *g*~ann~ = *g*~aNN~ ([@R22]).

In the absence of external fields (**B** = **D**~wind~(*t*) = 0), the nuclear spin energy eigenstates are a singlet with total angular momentum *F* = 0 and three degenerate triplet states with *F* = 1, separated by ℏ*J*~CH~. The observable in our experiment is the *y* magnetization, leading to selection rules Δ*F* = 0, ± 1 and Δ*m~F~* = ± 1, as in ([@R34]). The zero-field spectrum thus consists of a single Lorentzian located at *J*~CH~/2π ≈ 221 Hz, as shown in [Fig. 1A](#F1){ref-type="fig"}.

![Nuclear spin energy levels and NMR spectra of ^13^C-formic acid measured in three different field conditions.\
(**A**) At zero magnetic field, the *F* = 1 levels are degenerate, resulting in a spectrum exhibiting a single peak at the *J*-coupling frequency. (**B**) In the presence of a DC magnetic field *B*~**z**~ ≈ 50 nT, the *m~F~* = ±1 degeneracy is lifted. The spectrum exhibits two split *J*-resonances. The splitting is equal to ℏ*B*~**z**~(γ*~C~* + γ*~H~*). The asymmetry of the resonances is due to the influence of the applied field on the response characteristics of the atomic magnetometer. (**C**) Addition of an oscillating magnetic field along *B*~z~ modulates the *m~F~* = ±1 energy levels, resulting in sidebands located at *J*/2π ± *B*~**z**~(γ~C~ + γ~H~)/2π ± ω~AC~ with amplitude proportional to the modulation index: *A*~s~ ∝ *B*~AC~(γ~C~ + γ~H~)/(2ω~AC~).](aax4539-F1){#F1}

In the presence of a static magnetic field, $\mathbf{B} = B_{z}{\hat{\mathbf{e}}}_{z}$, applied along *z*, the *m~F~* = 0 states are unaffected, while the *m~F~* = ± 1 triplet states' degeneracy is lifted. The corresponding spectrum exhibits two peaks at *J*~CH~/2π ± *B*~z~(γ~H~ + γ~C~)/4π, as shown in [Fig. 1B](#F1){ref-type="fig"}.

So long as ∣*J*~CH~ ∣ ≫ ∣ γ~H~*B* ∣ ≫ ∣ *g*~aNN~*D*~wind~∣, the *m~F~* = 0 states are unaffected and the *m~F~* = ± 1 states are shifted by$$\Delta E(m_{F} = \pm 1)(t) = \mp \frac{\hslash}{2}B_{z}(\gamma_{H} + \gamma_{C}) \pm \frac{\hslash}{2}\frac{2}{3}g_{\text{aNN}}D_{z}(t)~$$where *D*~z~(*t*) is the projection of **D**~wind~(*t*) along the axis of the applied magnetic field. The time dependence of **D**~wind~(*t*) leads to an oscillatory modulation of the *m~F~* = ± 1 energy levels, giving rise to sidebands around the *J*-coupling doublet as shown in [Fig. 1C](#F1){ref-type="fig"}. The sidebands are separated from the carrier peaks by ±ω~DM~/2π and have an amplitude proportional to the modulation index (*g*~aNN~/ω~DM~). Dark matter fields with sufficiently strong coupling to nuclear spins can then be detected by searching for frequency modulation--induced sidebands in the well-defined ZULF NMR spectrum of formic acid.

Coherent averaging
------------------

The expected dark matter coherence time (\~14 hours for a particle with 19-Hz Compton frequency) is much longer than the nuclear spin coherence time in ^13^C-formic acid (\~10 s). Taking advantage of this mismatch, we introduce the post-processing phase-cycling technique shown in [Fig. 2](#F2){ref-type="fig"} (see the "Signal processing" section in Materials and Methods), which consists of incrementally phase shifting the transient spectra and subsequently averaging them together. If the phase increment matches the phase accumulated by the oscillating field between each transient acquisition, the sidebands add constructively. This allows coherent averaging of the complex spectra such that the signal-to-noise ratio (SNR) scales as *N*^1/2^, where *N* is the number of transients. Because the dark matter Compton frequency is unknown, it is necessary to repeat this operation for a large number of different phase increments (at least many as the number of transient acquisitions).

![Signal acquisition and processing schemes.\
Top: Signal acquisition scheme with simulated spectra. After polarization, each transient acquisition starts following a magnetic π-pulse (corresponding to a 180° flip of the ^**13**^C spin along any direction). The external AC magnetic field's phase varies between transient acquisitions (orange). As a result, the sidebands generally have different phases in each transient spectrum. Averaging the transients yields a spectrum in which the sidebands are destructively averaged out (purple). Shifting each transient by a phase equal to the external field's accumulated phase restores the sidebands' phase coherence, yielding a spectrum with high SNR sidebands (orange). For clarity, only one of the two Zeeman-split *J*-coupling peaks and its two sidebands are shown. Bottom: Result of the phase-shifting procedure for actual data. (**A**) Transients are averaged using 2001 phase increments and stacked into a two-dimensional plot. (**B**) Side view of (A); sidebands are rescaled by a factor 10 for clarity. (**C**) Averaging with φ ***=*** 0 rad corresponds to averaging the transients without phase shift; sidebands are averaged out and carrier peaks appear with maximum amplitude. When the optimal phase (for ω/2π = 0.73 Hz, φ ***=*** 2.93 rad) is approached, sidebands appear. These spectra were acquired in an experiment during which the AC field frequency and amplitude were set to 0.73 Hz and 0.24 nT. Transient acquisitions of 30 s were repeated 850 times with a time interval between each transient of τ ***=*** 61 s.](aax4539-F2){#F2}

Calibration
-----------

The energy shifts produced by *D*~z~(*t*) ([Eq. 6](#E6){ref-type="disp-formula"}) are equivalent to those produced by a real magnetic field with amplitude$$B_{\text{wind}}(t) = \frac{2}{3}\frac{g_{\mathit{aNN}}}{\gamma_{H} + \gamma_{C}} \cdot D_{z}(t) \propto \frac{g_{\mathit{aNN}}}{\gamma_{H} + \gamma_{C}}\sqrt{\rho_{\text{DM}}}\text{sin}~(\omega_{\text{DM}}t)\mathbf{v} \cdot {\hat{\mathbf{e}}}_{z}$$

Similar relationships for dark photon and quadratic wind couplings are provided in Materials and Methods. Based on [Eq. 7](#E7){ref-type="disp-formula"}, the sensitivity of the experiment to dark matter was calibrated by applying a real oscillating magnetic field of known amplitude and frequency and measuring the amplitude of the resulting sidebands in the coherently averaged spectrum. Further details are provided in the Supplementary Materials.

Search and exclusion method
---------------------------

The dark matter search data were acquired and processed as described above but without a calibration AC magnetic field applied. For each Compton frequency, the appropriate phase increment is computed, which identifies the corresponding coherently averaged spectrum to be analyzed. The noise in the spectrum defines a detection threshold at the 90% confidence level (further details in section S7). When the signal amplitude at the given frequency is below the threshold, we set limits on the dark matter couplings to nuclear spins at levels determined by the calibration and effective field conversion factors (see the "Bosonic dark matter effective fields" section in Materials and Methods). If the signal is above the threshold, a more stringent analysis is performed by fitting the coherently averaged spectrum to a four-sideband model (further details in sections S8 and S9). When the fit rules out detection, the threshold level is again used to set limits. In case of an apparent detection, further repeat measurements would need to be performed to check for false alarm and confirm that the signal is persistent and exhibits expected sidereal and annual variations.

CASPEr-ZULF search results: Constraints on bosonic dark matter
--------------------------------------------------------------

The results of the CASPEr-ZULF search for ALPs are given in [Fig. 3](#F3){ref-type="fig"}. The frequencies presenting sharp losses in sensitivities at 0.21, 1.69, and 2.16 Hz were the ones for which the nearest optimal phase increment was close to zero, thus presenting maximal amplitude *J*-coupling peaks, raising the detection threshold (see discussion in section S3). The red shaded area labeled "CASPEr-ZULF" corresponds to upper bounds on nuclear-spin couplings to dark matter consisting of ALPs at the 90% confidence level. This represents our current sensitivity limitation after 850 30-s transient acquisitions using samples thermally polarized at \~1.8 T. The "CASPEr-ZULF Phase II" line corresponds to the projected sensitivity of a future iteration of this work that will use a more sensitive magnetometry scheme to measure a larger sample with enhanced (nonequilibrium) nuclear spin polarization.

![ALP wind nucleon linear coupling parameter space.\
The CASPEr-ZULF region is excluded by this work (90% confidence level) using a thermally polarized sample (data averaged over 850 transient acquisitions of 30 s each). The "New Force" region is excluded by searches for new spin-dependent forces ([@R50]). The SN1987A region represents existing limits from supernova SN1987A cooling ([@R26], [@R35]). The *ν*~n~/*ν*~Hg~ region is excluded (at 95% confidence level) by measurements of the ratio of neutron and ^**199**^Hg Larmor precession frequencies ([@R22]). The dashed line corresponds to the sensitivity of a planned second phase of CASPEr-ZULF, with a projected ***\~***10^5^ factor increase in sensitivity, and the bandwidth extended toward lower frequencies by using a comagnetometer technique ([@R43]) and longer integration times. The dotted lines show limits assuming a virialized ALP dark matter halo for which the field velocity and amplitude fluctuate (see section S12).](aax4539-F3){#F3}

[Figures 4](#F4){ref-type="fig"} and [5](#F4){ref-type="fig"} show the search results for the ALP quadratic interaction and dark photon interactions, respectively. No signal consistent with axion, ALP, or dark-photon fields has been observed in the red shaded areas. The two different limits given in [Fig. 5](#F5){ref-type="fig"} were obtained using the same dataset but analyzed by assuming two orthogonal initial polarizations of the dark photon field (see section S12).

![ALP wind nucleon quadratic coupling parameter space.\
The CASPEr-ZULF region is excluded by this work (90% confidence level) using a thermally polarized sample (data averaged over 850 transient acquisitions of 30 s each). Other regions of this figure are defined in the caption of [Fig. 3](#F3){ref-type="fig"}.](aax4539-F4){#F4}

![Dark photon-nucleon couplings.\
Left: Dark photon--nucleon dEDM coupling parameter space. The SN1987A region represents existing limits for ALPs from supernova SN1987A cooling ([@R26], [@R35]) adjusted to constrain dark photons as discussed in ([@R51]). Right: Dark photon--nucleon dMDM coupling parameter space. The CASPEr-ZULF regions are excluded by this work (90% confidence level) using a thermally polarized sample (data averaged over 850 transient acquisitions of 30 s each). The red and purple lines correspond to the case where the dark photon field polarization is along the ${\hat{\varepsilon}}_{1}$ and ${\hat{\varepsilon}}_{3}$ axes of the nonrotating Celestial frame, respectively (see section S12). The dashed lines correspond to the sensitivity of a planned second phase of CASPEr-ZULF, with a projected \~10^5^ factor increase in sensitivity.](aax4539-F5){#F5}

In all cases, the search bandwidth was limited from below by the finite linewidth of the *J*-resonance peaks, preventing resolution of sidebands at frequencies lower than 45 mHz. Because of the finite coherence time of the dark matter fields (corresponding to \~10^6^ oscillations), the bandwidth's upper limit (19 Hz) is the highest frequency that can be coherently averaged after 14 hours of integration time. The sensitivity fall off is due to the sidebands' amplitude scaling as the modulation index. Further details are given in sections S6 and S11.

DISCUSSION
==========

This work constitutes demonstration of a dark matter search using NMR techniques with a coupled heteronuclear spin system. The results provide new laboratory-based upper bounds for bosonic dark matter with masses ranging from 1.86 × 10^−16^ to 7.85 × 10^−14^ eV, complementing astrophysical bounds obtained from supernova SN1987A ([@R26], [@R35]).

Our data analysis provides a method to perform coherent averaging of the bosonic-field--induced transient signals. This method should prove useful for other experiments seeking to measure external fields of unknown frequency using a detector with a comparatively short coherence time. Conveniently, this phase-cycling approach also suppresses the carrier-frequency signals, which would otherwise increase the detection threshold via spectral leakage. As this method is applied during post-processing, it does not require modification of the experiments provided that the data to be analyzed have been timestamped.

Phase II sensitivity improvements
---------------------------------

To search a greater region of the bosonic dark matter parameter spaces, several sensitivity-enhancing improvements are planned for the next phase of the experiment. In this work, nuclear spin polarization was achieved by allowing the sample to equilibrate in a 1.8-T permanent magnet, which yields a ^1^H polarization ≲10^−5^. For the next phase of the experiment, a substantial sensitivity improvement can be obtained by using so-called hyperpolarization methods to achieve much higher, nonequilibrium nuclear-spin polarization. Current efforts are focused on the implementation of nonhydrogenative parahydrogen-induced polarization (NH-PHIP) \[NH-PHIP methods are often referred to as signal amplification by reversible exchange of parahydrogen (SABRE)\] ([@R36]). Signal enhancement via NH-PHIP has been demonstrated at zero field ([@R37]) and after optimization is expected to increase nuclear spin polarization levels to at least 1%. Because parahydrogen can be flowed continuously into the sample, a steady-state polarization enhancement can be achieved ([@R38]), improving the experimental duty cycle. Combining continuous NH-PHIP with a feedback system to produce a self-oscillating nuclear spin resonator ([@R39]) could conceivably offer further improvement and simplify data analysis.

Additional sensitivity enhancement will be provided by magnetometer improvements and use of a larger sample. In the experiments reported here, only about 50 μl of the sample contributed to the signal, which was detected from below with an atomic magnetometer with a noise floor around $10~\text{fT}/\sqrt{\text{Hz}}$. With a larger (≳1 ml) sample hyperpolarized via NH-PHIP detected via a gradiometric magnetometer array with optimized geometry and sensitivity below $1~\text{fT}/\sqrt{\text{Hz}}$, we anticipate an improvement by ≳10^5^ relative to the results presented here.

Future experiments will be carried out with increased integration time. We recall that the bosonic dark matter fields are coherent for a time τ~DM~ on the order of 10^6^ periods of oscillation. The phase-cycling procedure depicted in [Fig. 2](#F2){ref-type="fig"} is valid for datasets with total time less than τ~DM~. For integration times longer than the coherence time of the bosonic field T~tot~ \> τ~DM~, the datasets have to be coherently averaged in sets of duration τ~DM~ using the phase-cycling procedure. This yields T~tot~/τ~DM~ sets of coherently averaged data. To profit from longer integration time and further increase the SNR, these sets can be incoherently averaged by averaging their power spectra, yielding a further SNR scaling as (T~tot~τ~DM~)^1/4^ \[see supplementary materials in ([@R18])\].

Complementary searches
----------------------

To increase the bandwidth of the experiment (see section S11), we propose complementary measurement procedures. As the amplitude of the sidebands scales as 1/ω~DM~, the sensitivity of the experiment decreases for higher frequencies. To probe frequencies-ranging from \~20 to 500 Hz (corresponding to bosonic masses of ∼8 × 10^−14^ to 2 × 10^−12^ eV), it was shown in ([@R40]) that a resonant detection method will be more sensitive than the current frequency-modulation--induced sideband measurement scheme. Resonant AC fields can induce phase shifts in the *J*-coupling peaks ([@R41]); cosmic fields can induce the same effect. By gradually varying the magnitude of a leading magnetic field, one can tune the splitting of the *J*-coupling multiplets to match the dark-matter field frequency. Such a resonance would manifest itself by shifting the phase of the *J*-coupling peak.

For frequencies below \~45 mHz (corresponding to bosonic masses 2 × 10^−16^ eV), the sidebands are located inside of the *J*-coupling peaks and the experimental sensitivity drops rapidly. This represents the lower limit of the bandwidth accessible by the frequency modulation--induced sideband measurement scheme presented in this work. To probe down to arbitrarily low frequencies, another measurement scheme has been implemented on the basis of a single-component liquid-state nuclear-spin comagnetometer ([@R42]). Further details and results of this scheme are presented elsewhere ([@R43]).

MATERIALS AND METHODS
=====================

Experimental parameters
-----------------------

The experimental setup used in this experiment was the one described in ([@R44]). Additional descriptions of similar ZULF NMR setups can be found in ([@R45]).

The NMR sample consisted of \~100 μl of liquid ^13^C-formic acid (^13^CHOOH) obtained from ISOTEC Stable Isotopes (MilliporeSigma), degassed by several freeze-pump-thaw cycles under vacuum, and flame-sealed in a standard 5-mm glass NMR tube.

The sample was thermally polarized for \~30 s in a 1.8-T permanent magnet, after which the NMR tube was pneumatically shuttled into the zero-field region. After the guiding magnetic field was turned off, a magnetic pulse (corresponding to a π rotation of the ^13^C spin) was applied to initiate magnetization evolution.

Following each transient acquisition, the sample was shuttled back into the polarizing magnet and the experiment was repeated. To increase the SNR, the transient signals were averaged using the phase-cycling technique described in the "Signal processing" section.

Bosonic dark matter effective fields
------------------------------------

In the case of the ALP-wind linear coupling, the field acting on the ^1^H-^13^C spins induces an energy shift equal to the one produced by a magnetic field with amplitude$$B_{{ALP},z}^{eff}(t) = - \frac{2}{3}\frac{g_{aNN}}{\gamma_{H} + \gamma_{C}}\sqrt{2\hslash c\rho_{\text{DM}}} \times \text{sin}~(\omega_{\text{DM}}t - \mathbf{k} \cdot \mathbf{r} + \varphi)\mathbf{v} \cdot {\hat{\mathbf{e}}}_{z}$$where ω~DM~ ≈ *m*~DM~*c*^2^/ℏ is the ALP Compton frequency, **k** ≈ *m*~DM~**v**/ℏ is the wave vector (**v** is the relative velocity), *m*~DM~ is the rest mass of the ALP, φ is an unknown phase, and ${\hat{\mathbf{e}}}_{z}$ is the axis along which the leading DC magnetic field is applied.

It is theoretically possible that interaction of nuclear spins with ∇*a* can be suppressed ([@R33], [@R46]), in which case the dominant axion wind interaction, referred to as the quadratic wind coupling, is related to **∇***a*^2^. In the case of the ALP-wind quadratic coupling, the equivalent magnetic field amplitude is$$B_{\text{quad},z}^{\text{eff}}(t) = - \frac{4}{3}\hslash c^{2}\frac{{g_{\text{quad}}}^{2}}{\gamma_{H} + \gamma_{C}}\frac{\rho_{\mathit{DM}}}{\omega_{\mathit{DM}}} \times \text{sin}~(2\omega_{\text{DM}}t - 2\mathbf{k} \cdot \mathbf{r} + \varphi)\mathbf{v} \cdot {\hat{\mathbf{e}}}_{z}$$where *g*~quad~, having dimensions of inverse energy, parameterizes the ALP quadratic coupling strength to nuclear spins.

There are two possible interactions of dark photons with nuclear spins that can be detected with CASPEr-ZULF: the coupling of the dark electric field to the dark EDM (dEDM) and the coupling of the dark magnetic field to the dark magnetic dipole moment (dMDM). The equivalent magnetic field amplitudes are$$B_{\text{dEDM}}^{\text{eff}}(t) = \frac{2}{3}\frac{g_{\text{dEDM}}}{\gamma_{C} + \gamma_{H}}\sqrt{2\hslash c^{3}\rho_{\text{DM}}} \times \text{cos}~(\omega_{\text{DM}}t + \varphi)\mathbf{\varepsilon} \cdot {\hat{\mathbf{e}}}_{z}~$$and$$B_{\text{dMDM}}^{\text{eff}}(t) = \frac{2}{3}\frac{g_{\text{dMDM}}}{\gamma_{C} + \gamma_{H}}\frac{v}{c}\sqrt{2\hslash c^{3}\rho_{\text{DM}}} \times \text{cos}~(\omega_{\text{DM}}t + \varphi)\mathbf{\varepsilon} \cdot {\hat{\mathbf{e}}}_{z}$$with coupling constants *g*~dEDM~ and *g*~dMDM~ (having dimensions of inverse energy) and dark photon field polarization **ε**.

The experimental sensitivity to real magnetic fields then directly translates to sensitivity to the coupling constants *g*~aNN~, *g*~quad~, *g*~dEDM~, and *g*~dMDM~. Inverting [Eqs. 8](#E8){ref-type="disp-formula"} to [11](#E11){ref-type="disp-formula"} yields the corresponding conversion factors from magnetic field to the dark matter coupling constants$${\delta g}_{\text{aNN}}(\omega) \approx \left\lbrack 1.3 \times 10^{8}\frac{{Ge}V^{- 1}}{T} \right\rbrack\delta B(\omega)$$$${\delta g}_{\text{quad}}(\omega) \approx \left\lbrack 190\frac{{Ge}V^{- 1}}{\sqrt{T}\sqrt{{rad}/s}} \right\rbrack\sqrt{\omega \cdot \delta B(\omega)}$$$${\delta g}_{\text{dEDM}}(\omega) \approx \left\lbrack 1.3 \times 10^{5}\frac{{Ge}V^{- 1}}{T} \right\rbrack\delta B(\omega)$$$${\delta g}_{\text{dMDM}}(\omega) \approx \left\lbrack 1.3 \times 10^{8}\frac{\text{Ge}V^{- 1}}{T} \right\rbrack\delta B(\omega)$$

Here, we have used γ~C~/2π = 10.70 MHz.T^−1^ and γ~H~/2π = 42.57 MHz.T^−1^, *v* ≈ 10^−3^*c*, and ρ~DM~ ≈ 0.4 GeV/cm^3^. The full derivation of these expressions is given in section S2.3.

Signal processing
-----------------

For each transient acquisition, the sample was prepared in the same initial state, which determined the phase of the *J*-coupling peaks. When averaging the transients together, the *J*-coupling peaks' amplitude and phase remain constant, while the uncorrelated noise is averaged away, thus increasing the SNR as the square root of the total integration time T~tot~, i.e., SNR $(T_{\text{tot}}) \propto T_{\text{tot}}^{1/2}$.

However, the dark-matter--related information resides not in the *J*-coupling peaks but in their sidebands. The external bosonic field oscillates at an unknown frequency, and its phase at the beginning of each transient acquisition is unknown. This phase directly translates into the phase of the sidebands in the transient spectra: While the phase of the *J*-coupling peaks is identical from one transient acquisition to another, the phase of the sidebands varies. As a result, naively averaging the transient spectra averages the sidebands away, thus removing the dark-matter--related information from the resulting spectrum.

Here, we used a post-processing phase-cycling technique that enables coherent averaging of the spectra in the frequency domain, even for transient signals for which no obvious experimental phase-locking can be achieved due to the unknown frequency of the signal. The method is similar to acquisition techniques in which an external clock is used to register the times of the transient acquisitions and post-processing phase shifting of the transient signals is used to recover the external field's phase ([@R47]--[@R49]).

The method relies on the fact that the bosonic field's phase at the beginning of each transient acquisition is unknown but not random. We recall that the bosonic fields remain phase coherent for \~10^6^ oscillations, which for frequencies below 19 Hz is longer than the total integration time (14 hours). Thus, precise knowledge of the transient signal acquisition starting times enables recovery of the phase of the bosonic field.

A full description of this averaging method is given in section S4. Each transient spectrum is incrementally phase shifted before averaging. If the phase shift is equal to the phase accumulated by the bosonic field between two transient acquisitions, then the phase stability of the *J*-coupling peaks is shifted to their sidebands, which can thus be coherently averaged.

Considering that the frequency of the bosonic field is unknown, the correct phase shift is also unknown. Thus, we repeated the operation for 2001 different phase increments between \[−π, π\], yielding 2001 averaged spectra, one of which being averaged with the phase increment such that the sidebands are coherent.

To demonstrate the viability of this method, a small magnetic field was applied with amplitude 0.24 nT oscillating at 0.73 Hz to simulate a dark matter field. Using this processing technique, the SNR of the sidebands scales as SNR$(T_{\text{tot}}) \propto T_{\text{tot}}^{1/2}$ (see fig. S3), as expected during a coherent averaging procedure. This is a marked improvement over the alternative power spectrum averaging (typically implemented for sets of incoherent spectra), which would yield a $T_{\text{tot}}^{1/4}$ scaling.

Sensitivity analysis
--------------------

The experimental sensitivity is defined by the ability to observe dark-matter--induced sidebands above the magnetometer noise floor. To show that the sideband amplitude scales with the modulation index, *B*/ω, and does not present unusual scalings due to experimental errors, two calibration experiments were performed. A first calibration was performed by varying the amplitude of the AC field from 95 to 310 pT while holding the frequency constant at ω = 2π × 0.73 Hz. Then the amplitude was held at 160 pT while varying the frequency from 0.45 to 1.7 Hz.

The results of this experiment are shown in fig. S1. Similar experiments were performed to determine the minimum detectable frequency (see section S11). On the basis of this calibration, we can extrapolate the expected sideband amplitude, *A*~s~(*B*, ω), for any field of amplitude *B* and frequency ω:$$A_{s}(B,\omega) = 5.53 \times 10^{- 6}~\text{rad}.s^{- 1} \times \frac{B\lbrack T\rbrack}{\omega\lbrack\text{rad}.s^{- 1}\rbrack}$$The magnetometer noise level then determines the smallest detectable driving field, which is converted to dark matter coupling bounds via [Eqs. 12](#E12){ref-type="disp-formula"} to [15](#E15){ref-type="disp-formula"}.
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